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Abstract

This paper deals with the establishment of anisotropic conjugate force-based damage evolution laws in
the framework of Rice’s (1971) ‘normality structure’. Attention is particularly focused on the second-order
damage tensors based on the fabric tensor, which represents preexisting Griffith microcracks in solids during
small deformation, isothermal and time-dependent processes. The principal results include the deduced
damage surfaces, potentials and kinetic equations for the basic internal variables, damage vectors and
damage tensor. For the damage tensor it is shown that the deduced damage surfaces in affinity space have
a parallel relation with the Tresca and Mises yield conditions in stress space and that the damage characteristic
tensor J can be determined uniquely by the current damage tensor without resorting to microscopic
parameters or unknown empirical coefficients. © 1998 Elsevier Science Ltd. All rights reserved.

1. Introduction

In anisotropic damage models with second-order damage tensors, the damage evolution laws
have been the most elusive parts due to their complex tensorial and high-degree nonlinear proper-
ties. Of various forms, the damage evolution laws in affinity space based on the linear irreversible
thermodynamics are the ones most often used,

Q=JY (D

where € is the second-order damage tensor; Y is the thermodynamic force conjugate to the damage
tensor; and J is the damage characteristic tensor of rank four, see e.g., Chow and Lu (1989). The
damage evolution law defined by eqn (1) is also termed the phenomenological equation in irre-
versible thermodynamics, see e.g. Malvern (1969). In this paper, the essential problem is to identify
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the conditions of the phenomenological eqn (1) and the specific form of the damage characteristic
tensor J.

The essential problem cannot be solved in phenomenological damage models, where the linear
rule eqn (1) is taken as a prerequisite rather than a conclusion. Even if the linear rule really holds
true, irreversible thermodynamics or current available experimental data is not enough to determine
the damage characteristic tensors J uniquely. Chow and Lu (1989) summarized various J tensors,
e.g., from Chaboche, Lee, Murakami—Ohno, Sidoroff-Cordebois, etc., which generally contained
one or two unknown empirical coefficients and had oversimplified tensorial forms. The reason is
simple. From a purely tensorial viewpoint, two coefficients can only describe an isotropic tensor
of rank four; on the other hand, the introduction of more unknown coefficients makes a phenom-
enological model less practicable.

Micromechanical methods appear to be feasible ways to remove the uncertainties in anisotropic
models. Deducing a conjugate force-based damage evolution law from a stress-based microscopic
model is, however, very difficult if not impossible, especially for a second-order damage tensor
model. Some micromechanical damage models have been proposed to bridge the gap, e.g., Krajci-
novic et al. (1991), Krajcinovic and Fonseka (1981) and Ilankamban and Krajcinovic (1987).
However, these were not damage tensor models and still belonged to phenomenological models,
because their basic relations were postulated. In these models, essentially only the geometric
features of the microscopic model were incorporated into constitutive models. On the other hand,
some ‘complete’ micromechanical models, in which macroscopic behaviour was fully determined
by the microscopic defect models, were proposed and possessed the least ambiguity, see e.g., Ju
and Lee (1991), Kachanov (1982), Dragon (1985), etc. Unfortunately, their final macroscopic
constitutive equations were stress-based.

In this paper, the essential problem is solved in the framework of Rice’s (1971) ‘normality
structure’. The basic internal variables € are the numerous vector form variables, and each of them
corresponds to one Griffith microcrack weakening the solid. The damage tensor € is taken as the
average measure for £&. Damage vectors ¢ are introduced as the intermediate average measures
between &€ and Q. To focus on the essential problems, only small deformation, isothermal and
time-independent processes are considered. The damage surfaces, potentials and kinetic equations
on the three levels, & { and Q, have been deduced exclusively in the affinity space without
considering the specific form of the Gibbs energy or free energy. The interaction of the microcracks
is taken into account implicitly since the normality structure is within the framework of the self-
consistent method.

The starting point of this deduction is the kinetic equation of one basic internal variable, as
defined in eqn (14). It represents such a class of materials to which the influence of the macroscopic
stress/strain appears only through the conjugate forces. Since one basic internal variable cor-
responds to one microcrack, its kinetic equation should be consistent with the cracking criterion
in fracture mechanics. In Section 5, some numerical tests have been done to show the behaviour
of the kinetic equation and make a comparison between the two criteria.

2. Damage definitions

Consider a material sample of size ° weakened by n microcracks. The microstructure of the
sample can be characterized using the following set of basic internal variables:
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where n* and r, are the normal vector and radius, respectively, of a-th microcrack.
To much reduce the number of the basic internal variables, m(m « n) damage vector (, are
introduced as the average measure of &

C = {ClsCZ: v SCm}a Cu = {nﬂ’ wu} (3)

where the u-th damage vector {, = {n",w,} is the average measure of one group of n, roughly
parallel microcracks among all microcracks. Without a loss of generality, u can be dropped in the
following average expression

1 ) )
n=—Zn, w=ﬁi;r3 4

The second-order damage tensor Q;; is introduced just as the average measure of the damage
vectors

Q=)> onn (%)
1

=

The damage variable w takes the form of the third-order moment of microcrack radii, as shown
in eqn (4b). The damage tensor is just the second-order fabric tensor:

1 n
Q= 7o Y rann” (6)
a=1

if the cracks in each group, see eqn (4), are parallel exactly with each other.

3. Normality structure

The framework illustrated here is generally the same as Rice’s (1971) original ‘normality struc-
ture’. Formulation is extended to have a unitary form for both time-dependent and time-inde-
pendent behaviour. Here only the small deformation and isothermal processes have been
considered, rather than the original finite strain and thermo-elasticity. It is noted that one internal
variable, &, or {, should be understood as a vector (originally scalar) in this paper. Introduce the
specific free energy ¢ and its Legendre transform  with respect to strain & = ¢

0
b= 96O =u—0n =0 =5'" ¢ @

where ¢ = g; is the stress tensor; u specific internal energy, n specific entropy; 6 temperature;
and  the complementary energy also termed Gibbs energy. When neighbouring constrained
equilibrium states corresponding to different sets of internal variables are considered, the first law
of thermodynamics takes the form
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1 . .
g6+ Wfoc@ =y ®)
which defines the thermodynamic forces f1, />, . . . , f, (collectively f) acting on the internal variables,

(e, &) _ 0p(e, S)

L=V =T ®)
and leads to
. W (o, é‘)’ - 0p(e, &) (10)

oo oe

The second law of thermodynamics further requires £,&, > 0. Since & = &(a, &) from eqn (10), the
strain rate can be expressed as
0g(a, &) g0, &) ,
E=+3 = 6, = 11
+ > ao_ 69 66“ ézx ( )
where &° is the elastic strain rate due to the change of stress at the fixed internal variables, and can
be expressed by using eqn (10)

& Ly (12)

- 80’66'6

and &* is the inelastic strain rate' due to the change of the internal variables and can be expressed
using eqns (10) and (9)

R N ACHIN
gl

- 13
VO oo é"‘ ( )
In the normality structure, the kinetic equations of internal variables are required to take the form
& =48, (@=12,...,n (14)
Then, Q is a point function if set
1 (7,
Q=029 = V"J ¢.(£,8) df, (15)
0
Therefore, the kinetic equation of internal variables can be recast as
0
=PV’ = 1

The function Q is just the potential function of inelastic strain. Note that O = O(f, &) = O(s, &)
since f = f(o, &). Thus, in view of eqns (13) and (16),

' The framework in this section is suitable to accommodate either plasticity or damage.
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L _ 00,9
g = X196

P (17)

Since &, corresponds to one microcrack, the total number # of € is very large. One set of much
reduced internal variables { can be introduced as the average measures of &

gyzgy(élaé27""€n;Vo) (‘LL:1,2,...,M<<I’[) (18)

where 1 indicates averaging over the volume. Formulation in terms of the average internal
variables { is parallel to that in terms of &

1 N[ CA SR A CA SR
e T e ds
. 00(g.90) 00(a, %) £,
= , = , 0080 = (g0 dg, 19)
Iz 89;4 o6 . I L
where g, ¢, ..., ¢, (collectively g) are the thermodynamic forces acting on the internal variable .

The equivalence for the average measure ¢ to describe the thermodynamic system characterized
by its basic internal variable, &, is achieved by requiring the equality for all 6¢&

1
9,0C, = %f;ﬁéa =0(g.0) = 0(£. %) (20)

In other words, the equivalence is achieved by recasting Q(f, &) as Q(g, {).

The kinetic equations eqn (14) is generally suitable for time-dependent behaviour. For time-
independent behaviour, the existence of the potential Q in eqn (15) is questionable, because not
all internal variables are certainly active under a loading. In order to extend the formulation to take

into account time-independent behaviour, the damage (yield) surfaces F|, F>, ..., F, (collectively F)
for basic internal variables £ are introduced, and the kinetic equation eqn (14) can be recast as

& =G, 8) = LK(£,,8), (2=1,2,....n) (21)
where

JF, .
>0 ifF,=0 and “f., >0 (nosummation for o)

oy = ofs (22)

0 otherwise

where A, can be determined by the consistency condition F, = 0 if /4, > 0. Thus, the potential
function Q in eqn (15) still exists in form but should be rewritten as Q(f, &, F) to reflect its
dependence on the damage surfaces F. Similarly, there also exist damage (yield) surfaces
F\F, ..., 7, (collectively &) for the condensed internal variables { and the corresponding
potential function Q(g, ¢, ).

In short, the first step in the normality structure is to establish the kinetic equations and damage
surfaces of the basic internal variables £. The main task in pursuing the kinetic equations of the
condensed internal variable { from that of &, in reality, is the transformation (f, &, F) =(g,{, 7).
The crux in the transformation is the establishment of the relation, & = £({) which is the inverse
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Fig. 1. Schematic crack propagation.

function of eqn (18). The inverse function cannot be determined uniquely by eqn (18) since ¢, as
an average measure of &, is determined uniquely by & but not conversely. It is the uncertainty
that reflects mathematically the fact that { can only furnish an approximate description for a
thermodynamic system characterized by &. A A

In this paper, we deal with the uncertainty by replacing &€ with €. Here, & is one set of fictitious
basic internal variables and subject to the conditions: (1) ¢ = {(&) = (&); (2) & should be deter-
mined uniquely by {.

The preceding formulation takes crack interactions into account implicitly. As pointed out by
Krajcinovic et al. (1991), the normality structure is exactly within the framework of the self-
consistent method.

4. Kinetic equations of basic internal variables

The kinetic equations of basic internal variables, &,( f., &), are the cornerstones of the normality
structure. These equations comprise the damage potential O, which is the basis for the kinetic
equations of damage variables ¢ and . Since &, corresponds to one microcrack, & (f,, &) must be
compatible with cracking criteria in fracture mechanics.

4.1. Cracking criteria

Of several types of cracking criteria in linear fracture mechanics, we shall consider the energy
principle. For a specimen in Fig. 1 subjected to certain external forces, the energy principle (see
e.g. Broek, 1987) in accordance with Griffith’s criterion, postulates that cracking initiates if

G=R (23)
where R is the crack resistance or R-curve, and G is the energy release rate.

_d(w—-0)

G da

24)
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where U is the elastic energy contained in the specimen, and W is the work performed by the
external force.

In general, the crack propagates not along the original plane but with kinking, see Fig. 1. The
well-known criteria to determine the kinking angle 6 include: (1) ¢(0),,.x theory by Erdogan and
Sih (1963) that crack extension starts in a plane normal to the direction of maximum circumferential
stress ¢ (0) . near the crack tip; (2) S(0).;, theory by Sih (1973) that crack extension occurs in the
direction along which strain energy density S(f) possesses a minimum value; (3) G(0),,.. theory by
Hussain et al. (1974) that crack extension starts in the direction along which energy release rate
G(0) possesses a maximum value.

G(0)m.x theory is adopted in this section, because it is an energy principle and consistent with
the principle of maximum dissipation in thermodynamics. Note that (W—U) in eqn (24) is the
dissipated energy for brittle materials. Therefore, G(0),,., theory implies that, for a given crack
increment da, the system tends to dissipate maximum energy by cracking at a specific kinking
angle 6.

4.2. Rotation rate

Consider a specimen of volume V° with n microcracks. The dissipated energy of the o-th
microcrack during its propagation is

d(W—-U) =f,d¢, (nosummation for «) (25)

The following discussions all focus on the a-th microcrack. Thus, we can drop « in the section
without a loss of generality. The conjugate force f defined in eqn (9) should possess a vector form

oW e o JW A, [0 09
sz%_{f“’f*}_V {6n’8r}__V {6n’6r} (26)

Thus, the dissipated energy can be recast as
d(W—-U) =fd¢ =f,-dn+f, dr (27)

Note that the crack length increment da in eqn (24) should be replaced with the crack area
increment dA4 in a general 3-D case. The area vector of the penny crack can be defined as

A = r’n=dA = nr* dn+2nndr (28)
and note that

n‘n=1=nn=0 (29)
Thus, the area increment of the penny crack is obtained as

d4 = |dA| = /dA-dA = 2nr /1 +z-zdr (30)

where
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Fig. 2. Schematic kinking crack equivalence.

rn

=_— 1
T2 (31)
The kinking angle 0 of the crack may be defined in an average sense as
dA 1
cos) =n- =tanl = |z| = /z'2 (32)

dAl /1422
which is schematically illustrated in Fig. 2. Using eqns (27) and (30), the energy release rate of the
a-th microcrack is found to be

dW—U) A, -z+fir

d4 2nrt/1+z-z

Since z determines the kinking angle 6 uniquely, the G(6),,., theory requires that the actual z
should maximize the energy release rate G. Note that due to eqn (29) the components of z are not
mutually independent:

nz=0 (34)

Thus, the maximization problem corresponds to such a Lagrangian extreme-value problem,

G:

(33)

0¥
L =G+inz, —=0 (35)
0z
Omitting the detailed deduction (see Yang, 1996), the rotation rate is obtained as
2 4(fn - fn : nn)
z=——(f,—f,n), orh=———7 36
7 . ) I (36)

4.3. Kinetic equations

Equation (36) can be recast as an equivalent form

iy =1 {(I—nn) £, @2/‘;} (37)

or
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i=JK, K= {(I—nn) of,. <;>2f} (38)

which is exactly the required kinetic equation eqn (21). In accordance with eqn (23), the local
damage surface can take the form

F=G-R (39)

where energy release rate G is obtained by substituting z into eqn (33)

1 o\
G=— [ff,—(f n)’+ fr (40)
nr? 2
or an equivalent form
/e
_ 2 2 _ f _(f -n)2 _

G=.G;+G;, whereG, 2 f,-f,—({,-n)°, G, r (41)

In view of eqns (32) and (36), it is easy to prove the relation
G,
tanf = — (42)

G,

If G, = 0, then 6 = 0, which means no kinking. Thus, G, is the drive force behind the kinking of
the crack. In brief, the energy release rate G can be decomposed into two components: (1) normal
component G, to drive the crack to rotate without propagation; (2) tangent component G, to drive
the crack to propagate without rotation.

The R curve can be expressed as the function of crack growth Aa, namely, R = R(Aa), see Krafft
et al. (1961). At a macroscopic level, crack resistance R is proposed as R = R(H), where H is the
history recording parameter. Therefore, H is consistent with Aa at a microscopic level. It thus
follows that dH can be determined in an averaging sense:

dA
dH:dr:%:\/I—i-Z'zdr

e v (SN T
_2/& £, —(f, n)+<2>dﬂ_ 5 Gdi (43)

Thus, the threshold R can be defined as

3

R=R(H), H=ih(f.&, h= %G (44)

5. Numerical tests on cracking

The kinetic equation of the basic internal variable, eqn (38), as a specific form of eqn (14), is
the cornerstone of the normality structure. The subsequent deduction makes sense only if eqn
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Fig. 3. A specimen with one set crack array under tension.

(38) can predict crack propagation with satisfactory accuracy since one basic internal variable
corresponds to one crack. Firstly, an explicit Gibbs energy (or complementary energy) function
in stress space should be established to determine the conjugate force.

Consider a perfectly brittle solid of volume V° weakened by n parallel penny-shaped cracks with
the same radii r, i.e., £, = {m, r}, as shown in Fig. 3. Assuming self-similar growth of penny-shaped
cracks, the Gibbs energy takes the following form, see, e.g., Krajcinovic et al. (1991) and Budiansky
and O’Connel (1976)

Y = y°+pri(Ae® + Bt?) (45)

where /° is the Gibbs energy of the virgin material under the same stress state; p = (n/V°) is the
volumetric density of cracks; ¢ and 7 are normal and shear components, respectively, of stress
tensor ¢;; on the crack surface with the normal vector #;

o=no,n, T=./0,0—0", 0;,=0;n; (46)

A, B are associate with the crack shape and the elastic constants of effective medium around the
crack. If the crack is penny-shaped and crack interaction is neglected, an explicit form of 4, B is
obtained

iy 5o
T3E. Y 7T

A
P (47)

where E,, v, are elastic constants of intrinsic elastic media. Note that the explicit 4, B is helpful to
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obtain analytic results, but it goes beyond the framework of the self-consistent method at this
point. Then the conjugate forces can be determined with eqn (26)*

(fo)i =2r°[(2(A—B)o,6+ Bo,6)], f, =3r*(Ae” + Br*) (48)

With eqn (41), the energy release rates are

2r 5 3 . 2
Gy =" JAUA—B)’s +4(A—B)Bs, + B’s,. G, = (40> + BT’) (49)
where
51 =0°T%, 5, = 00,0,0;,—0°0,0;, 3 = 00,,,0,;0;— (0,0%) (50)

which are stress invariants on the crack surface. In view of eqn (36)

, 8 2(A_B)(Uio'_niaz)+B(O'ii0'f_nf0'k0k) .
n = - — i

i 51
3r Ao’ + Br® G
The kinking angle is determined by eqn (42),
G, 4./4A-B)* 4(A—B)Bs,+ B*
g~ Gn _ 4N AA=B)’s +4(A—B)Bs, + Bs, (52)

G, 3 Ac® + Br?

5.1. Kinking angle

If the specimen in Fig. 3 is subjected to a uniform tensile stress &, the stresses defined in eqn (46)
become

o, = {csinf,0,0}, o=asin’p, 1=asinfcosp (53)
and with eqn (50)

s; = c¢*sin® fcos? B, s, = 6*sin* fcos? B, 53 = ¢* sin? Bcos? B (54)
By using eqns (49) and (47)

G. — 2rﬁzBsi:ﬁcos ﬁ(l s’ ). G, = 3r62§;in2 p

(2—v, sin? f) (55)

Therefore, the kinking angle 0 is obtained as

G, 8l—vysin’*p
tan = — = - —cot 56
G, 32—v,sin’p b (56)

?Note that the conjugate force f corresponds to one single crack. Thus, n, r in eqn (45) should be considered as the
average measures of n*, r, during the derivation.
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Fig. 4. Crack angle vs kinking angle in tension: (a) influences of Poisson’s ratio; (b) comparison with ¢(6) . and S(0) m.x
theories.

which is illustrated in Fig. 4(a). Obviously, Poisson’s ratio v, has little influence on the kinking
angle. The same problem in Fig. 3 in a plane strain case can be solved by ¢(0),,.x theory (see Sih,
1993) as

sinf+ (3cosf—1)cotf =0 (57)
or by S(0).x theory
2(1—2v,) sin(0—2p) —2sin [2(0 — )] —sin 20 = 0 (58)

All the three solutions are illustrated in Fig. 4(b) with the same v, = % Given the fact that the 0 in
eqn (56) originating from eqn (36) is an average kinking angle rather than the real one in eqns
(57) and (58), it is quite evident that the proposed equation of rotation rate, eqn (36), can describe
the microscopic kinking mechanism with sufficient accuracy.

5.2. Uniaxial loading process

In this subsection, a uniaxial loading process on the same configuration in Fig. 3 is done to show
the stress—strain process macroscopically and crack rotation microscopically. The local damage
surface defined in eqns (39) and (41) is

F=G-R=.G>+G>—R=0 (59)

Substituting eqn (55) into eqn (59), the critical stress ¢ on the damage surface is
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Table 1

Parameters used in uniaxial ten-
sile test

E, 50000.0 MPa

Vo 0.2 —

o 2.52 cm

I 1000.0 1/m?

Bo 45.0 (]

4R
;= / _ = . (60)
rBsin? p[64 cot® (1 —v, sin* B)* +9(2—v, sin? B)?]
In view of eqn (51),
~ 16cos’ B [1—v,sin? B ) ) 16 cos B (1 —v,sin? B
n = : - r,o R, =0, ny=— - i (61)
3rsin B \2—v,sin’ B 3r  \2—v,sin? B

The axial strain ¢ and axial stress & are related by the apparent compliance C. During the uniaxial
loading, the complementary energy % Caé? should equalize ¥ in eqn (45). Therefore,

1
e=Cs, C= 5 +2pr? sin? B(A sin* B+ Bcos? f) (62)
0

The states during the uniaxial loading is fully determined by eqns (60)—(62). The required
parameters are listed in Table 1. The chosen R-curve, as shown Fig. 5(a), is from Indiana limestone
(see Hoagland et al, 1973). Eight loading steps are used. The results are shown in Fig. 5. The first
loading step is elastic. The mark (+) is put in the process curves to denote each loading step. As
shown in Fig. 5(a), the critical point is the peak point corresponding to the maximum loading in
the stress—strain curve in Fig. 5(c). Crack growth between initial and peak point is sub-critical
growth. After the peak point, crack growth is unstable. The trajectory of the end points of the
vector r = rnin the propagating process is drawn in Fig. 5(b), which correctly reflects the tendency
of crack rotation. As shown in Fig. 5(d), the brittle stress—strain behaviour is well described. In
short, the kinetic equations of basic internal variables can describe microcracking very well, either
microscopically or macroscopically.

6. Kinetic equations of damage vectors

Without a loss of generality, we focus on one set of roughly parallel cracks,

62 {61952:---9611}’ éa = {n“arac} (63)

which corresponds to one damage vector { = {n, w}, where
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Fig. 5. (a) R curve; (b) damage propagating process; (c) stress vs damage growth; (d) macroscopic stress—strain relation.

1 n 1 n
= — * = — 3
n_nazln , o Voazlm (64)

see also eqns (2)—(4). In terms of the basic internal variables, the potential function Q is obtained
with eqns (15) and (38),
1 n

Sy L [fz-(l—n“n“)-m(f ;)] (63)

and the damage surface F with eqns (39) and (40)

O¢.1.F) =
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1 fir\
Fa:Gat_Rw Gazi ﬁ'(l_n“na)'ﬁl—f_ TN (OC: 1,2,...,7/1) (66)
nr; 2

Now consider the transformation (f, &, F) =(g,{, %). In view of eqns (26) and (64), f = f(g) is
achieved

a_oal//%_ 8wé’né’t//8w g
s =v {8n“’6r[x}_ v {an on*’ Ow ar} {p 3 go'} 67

where p = n/V° is the volumetric density of the cracks; ¢ is the thermodynamic force conjugate to
the damage vector

0 o 0
= (;Cb = {aﬁai} = {8190} (68)

In order to determine & = £({), the inverse relation of eqn (64), one set of fictitious basic internal
variables & is introduced to replace &

w

E=1{(¢.6,... .8, Ez={n,3 p} (69)

Evidently, 2 satisfies the conditions for fictitious basic internal variables. Since the fictitious cracks
are identical with each other, the damage surface of the damage vector, ., is the same as that of
each fictitious crack, i.e., # = F, and 4 = 4,. Substitute eqns (67) and (69) into eqn (65)

3wg,,\’
0¢.g7) = [gn ‘(I—nn)-g,+ < > )} (70)
With eqn (19), the kinetic equation of the damage vector is
; 00¢.8.7) i{ <3w>2 }
{ = {n, = I—-mn)-g.{—]| g, 71
h, o} = 2 p ( ) 8|5 ) 9 (71)

Similarly, the damage surface % is obtained by substituting eqns (67) and (69) into eqn (66) and
with a minor modification # = (=ur; p/ﬂ)

1 39, \2
F =92, gzzz[gn-(l—nn)-gnJr(“;g”” (72)

The kinetic equation eqn (71) can be recast as

I—nn 0

Bl _ A (el oy 30\’ 73
e A e &
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Evidently, L satisfies the positive definite condition and Onsager reciprocal relations, see e.g.
Malvern (1969). By introducing L, Q and 4 have the compact form:

3

) , 1
_ -L- G2 = —g-L- 74
Q—ng 9, 29 9 (74)

7. Kinetic equations of damage tensor

The procedures for obtaining the kinetic equation of the damage tensor € defined in eqn (5) are
parallel to these for the damage vectors {. Note that here the damage vectors { should be considered
as the basic internal variables. For the full set of damage vectors defined in eqn (3), the general
potential function is

m }:’
Q(Cagag) = Z i‘gy.L#.gﬂ (75)

u=1 U
and the damage surface # is one set of the following damage surfaces
Fu=%~R 9:=39,L,rg, (W=12,....m) (76)

Now consider the transformation (g, ¢, #) =(Y,Q, %). In view of eqns (68) and (5), g = g(Y) is
achieved

G W 0Q oy 0
N R R X

on* 0w, aiﬂ'ﬂ’aiﬂ'ﬁw”

=Y:{w,n"+n"l),n"n"} (nosummation for x) (77)

where Y is the thermodynamic force conjugate to the damage tensor

N __%

Y=0~ "

(78)

In order to determine { = {(Q2), the inverse relation of eqn (5), three characteristic damage vectors
¢ are introduced as the fictitious internal variables to replace {

a = {Els 523 53}3 év = {nv’ wv} ©Q = Z} wvnvnv (79)

where n* and w, are the principal directions and values of the damage tensor. For f , all volumetric
densities p, are the same, i.e., p; = p, = p; = p. In terms of the characteristic damage vectors, the
damage potential becomes

3

s oy
Q(Cv g:ﬁ) = Z Z\qv.Lv'gv (80)

v=1

and the damage surfaces % become



G. Swoboda, Q. Yang | International Journal of Solids and Structures 36 (1999) 1735-1755

Q

damage cone

F

damage surface in Y space

Fig. 6. Schematic vertex structure in the damage surface .

F,=%—R, 9 =19, Lg, (v=123)

7.1. Vertex-like kinetic equations

Using eqns (77) and (73), 4; can be recast as

4.

where’

5 3m,\? 5 9
J, =w;(In+nl)*(I—nn) ‘(In+nl)+(—— | nonnn = w; [ 4T, + N,

where

g.° L, g, = %Y: J,:Y (nosummation for v)

2 4

(no summation for v)

1
N, =nnnn, T, = T}, = (nnd;+nno; +nno,;+nnoy) —nnnmn

Then the damage surface of ¢ defined in eqn (81) can be recast as

F,=%—R, 9 =1Y:J;Y (v=12.3)

1751

(81)

(82)

(83)

(84)

(85)

The overall damage surface of the damage tensor, .7, is the inner envelope of the damage surfaces
of #,, 7, and &, defined in eqn (85). Obviously we can expect some pointed vertices on % . One
of them is shown in Fig. 6.

In view of eqns (80) and (82) and incorporating p into A,, the damage potential of the damage
tensor is obtained as

0QY,7) =3Y:(4,J,):Y

3To make a compact formulation, the superscript v in n* is dropped in eqns (83) and (84).

(86)
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where the multipliers /, are associated with the damage surfaces % . Noting the symmetry of J,,
the kinetic equation is obtained as

_00(Q,Y, F)

Q v =1, 1) Y=(LJ, +4,J,+4,05) Y (87)
which can be illustrated geometrically in Y space by Hill’s (1967) essential structure.* It indicates
that the direction of € is uncertain but confined in the damage cone, which is normal to the

damage surface at a vertex, as shown in Fig. 6.

7.2. Smooth kinetic equations

The vertex-like damage surface is associated with an uncertain kinetic equation. The phenom-
enological eqn (1) exists only if there exists a corresponding smooth damage surface. In this
subsection, the smooth damage surface is pursued by a parallel way to plasticity.

The tensors T, and N, are associated with shear and normal components of a second-order
tensor, respectively, on the surface with the normal vector n*. For example, the normal stress o,
and shear stress 7, on the surface are ¢ = 6:N,: 6 and t> = ¢: T,: ¢ where ¢ is the stress tensor.
Similarly, (Y?)? = Y:N,:Y and (Y?)? = Y:T,: Y define the normal and shear components of the
conjugate force Y, respectively, on the surface. In view of eqns (82) and (83), the energy release
rate of the damage vector can be recast as

4, =J/20,Y,, Y, =./(Y) + (Y5, (no summation for v) (88)

Essentially, Y, is the resultant force’ of the conjugate force Y on the surface.

According to eqn (85), the overall damage surface of the damage tensor, &, can be recast as the
following condition:

T G <R, Gy <Ry, Gy <A (89)

which is similar to the Tresca yield condition (see e.g. Malvern, 1969) which is also vertex-like.
Note that the Mises yield condition can be considered as the smoothed version of the Tresca yield
condition. In view of the parallel relations between the damage surfaces and the yield conditions,
see Table 2, the way of smoothing the Tresca yield condition into the Mises yield condition, can
be performed directly to smooth % into a smooth overall damage surface &

F=G—R, G =9G+G+Y> (90)

where the general energy release rate 4 is, due to eqns (82) and (83),

* Although Hill’s theory is concerned with the elasto-plastic behaviours at the stress—strain level, it can be used here
directly, because the inelastic strain &° defined in eqn (13) epitomizes plastic and damaging strains, and eqn (19) indicates
that { w9, and ¢4, o have precisely parallel relations.

*The coeflicient 3 in eqn (88) originates from the order of the moment of radii in eqn (4). If the order is 4, Y, is exactly
the resultant force.



G. Swoboda, Q. Yang | International Journal of Solids and Structures 36 (1999) 1735-1755 1753

Table 2
Comparison of yield and damage surfaces

Plasticity Damage
DR (Drive force) c Y
DR’s normal and tangent components on ¢ = 6:N,: ¢ (Y9’ =Y:N,: Y
a surface

?=6:T, 0 (Y)*=Y:T,: Y

Effective DR on the surface T, Y, =/ (Y)*+ (% Yo)?

The characteristic acting surfaces of 7,, ¥, Three orthogonal pure shear planes Three orthogonal principal planes

of stress tensort & of damage tensor Q
Yield/damage surface 7, <[], 1, < [1], 75 < [1] (the Tresca 4, < Ry, %> < R, b3 < Ry (F ;
condition) where 4, = ﬁw,, Y,
Smoothed surface 11 +13+13 < [1] (the Mises JG+G2+92 < F (F: the
condition) smoothed Z)

+Since g, = 0 on a pure shear plane, both 7, and Y, can be considered as the resultant forces of the drive force &
and Y, respectively, on the characteristic acting surfaces.

1 3 3 9
P = YEY. J=J@=Y =Y o <4Tv+ 4Nv> oD
v=1 v=1

For the smooth damage surface % the associated damage potential is
0RQ,Y,F) =3iY:J: Y (92)

As compared with eqn (86), the introduction of % implies A, = 4, = 4; = A. Therefore, the kinetic
equation of the damage tensor is

L 00(Q,Y, F)
= A

o) oy =AY (93)

which is exactly the phenomenological eqn (1) pursued in this paper.

8. Conclusion

The essential problem of this paper has been answered through the deduction toward the
phenomenological eqn (1). The properties of microcracks, e.g., the shape, orientation, etc., gen-
erally present discontinuous distributions in a solid, which leads to vertex-like constitutive equa-
tions. The deduction toward the phenomenological eqn (1) are in reality a series of ‘smoothing’
procedures: (1) describing a microcrack by a vector variable &,; (2) epitomizing a group of parallel
microcracks by a damage vector (,; (3) condensing all damage vectors { into three characteristic
damage vectors ¢ or the damage tensor €; (4) smoothing the vertex-like damage surface of the
damage tensor, Z , into a smooth one % .

The first ‘smoothing’ step is to describe one real crack by one self-similar growth penny-shaped
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crack &,. The kinetic equation of &, is the cornerstone of all the deduction. To a certain extent, it
defines the materials which the deduced constitutive equations represent. Its effectiveness to
describe microcracking is demonstrated in Section 5. The second and third ‘smoothing’ steps are
asymptotic approaches for one set of condensed internal variables { to describe the thermodynamic
system characterized by the numerous basic internal variables £&. Mathematically, it is the way to
deal with the uncertainty of & = £({). In this paper, an effective smoothing procedure for the
uncertainty is proposed. The fourth ‘smoothing’ step, i.e., smoothing .# into %, is required for
the existence of the phenomenological eqn (1). The specific form of % defined in eqn (90) is
achieved by a parallel way to plasticity. In terms of the driving forces and the smoothing procedures,
F is to Z what the Tresca yield condition is to the Mises yield condition. These smoothing
procedures are exactly in the spirit of continuum damage mechanics.

As another result of such smoothing, the damage characteristic tensor J, defined in eqns (91)
and (84), can be determined uniquely using the current damage tensor without resorting to
microscopic parameters or unknown empirical coefficients. J is a positive-definite anisotropic
tensor. It is not adequate to approximate J by an isotropic tensor. As shown in eqn (93), € is not
coaxial with J (in the sense of principal axes) unless € is isotropic or J is coaxial with €. The
damage characteristic tensor J represents the influence of the existing anisotropic microstructure
on the damage propagation.

The damage variable takes the form of the third-order moment of microcrack radii in the sense
of eqn (4b) and the damage tensor is just the second-order fabric tensor. From a purely statistical
viewpoint, the order is not necessary to be three. As pointed out in footnote 5, the order has minor
influence on the deduced formulation; the fourth-order moment has a specific mechanical meaning.
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